In this paper, by using the fibering map and the Nehari manifold, we prove the existence and multiple results of solutions for the following fractional differential equation:
Introduction
The concept of fractional calculus (that is, calculus of integrals and derivatives of any arbitrary real or complex order) is believed to have stemmed from a question raised in  by L'Hôpital to Leibniz, which sought the meaning of Leibniz's derivative notation An important characteristic of a fractional-order differential operator that distinguishes it from an integer-order differential operator is its nonlocal behavior, that is, the future state of a dynamical system or process involving fractional derivatives depends on its current state as well as its past states. During the last three decades or so, due to its demonstrated applications in numerous fields of science and engineering, such as viscoelasticity, neurons, electrochemistry, control (see [-] ), more attention was paid to the fractional differential equations.
Many important results have been obtained about the existence and multiplicity of solutions for fractional boundary value problems based on the techniques of nonlinear analysis, such as fixed point theory [-], topological degree theory [-], the method of upper and lower solutions and the monotone iterative method [] .
As is well known, the variational method has turned out to be a very effective tool in studying the existence of solutions for boundary value problems (BVPs for short) of integer order differential equations with variational structure. However, most fractional differential operators do not have a variational structure, for example, the operator D α (α / ∈ N), so the variational method cannot be applied. On the other hand, for the operator including both left and right fractional derivatives, the critical point theory can be used. 
) or constructed corresponding integral equations and other properties. In the paper [] , for the first time, the authors showed that the critical point theory is an effective approach to tackle the existence of solutions for the following fractional boundary value problem:
and obtained the existence of at least one nontrivial solution. What is more, in the paper [], more precisely they studied the fractional nonlinear Dirichlet problem, and they proved the existence of mountain pass solution for the proposed fractional boundary value problem. Jin Hua [] discussed the eigenvalue problem for the fractional differential equation containing left and right fractional derivatives with Dirichlet boundary value conditions. For fractional Hamiltonian systems given by
the author of paper [] proved the existence of solution; and in the paper [] , by the critical point theory, they considered the existence and multiplicity of solutions. Such differential equations mixing both types of derivatives have found interesting applications in fractional variational principles, fractional control theory, fractional Lagrangian and Hamiltonian dynamics as well as in the construction industry (see [-] ). However, as far as we know, there are few results about the multiplicity of solutions on the fractional equations involving concave-convex nonlinearities and sign-changing weight functions. In order to improve fractional boundary value problem, we use the fibering map and the Nehari manifold to investigate the existence and multiple results of solutions for the following fractional differential equation when the parameter belongs to a different interval. In this paper, in the fractional Sobolev space E α,  , we investigate the existence and multiplicity of solutions for the following FBVPs:
In the following, we set c pq = ( p , c q are the Sobolev embedding constants. For the sign-changing weight functions, we suppose the following.
The main theorems are as follows.
, problem (.) has at least two nontrivial solutions.
Preliminaries
For the convenience of readers, in this section, the definitions of fractional integral and fractional derivative are presented. Since we use the critical point theory to investigate problem (.), the appropriate fractional Sobolev space is necessary.
provided that the right-hand side integral is pointwise defined on [a, b] , where (·) >  is the gamma function.
Next we give the definitions of left and right weak fractional derivatives and the corresponding function spaces. For the details, we refer to [, ].
then v is named the left weak fractional derivative, and we denote it by v = Ḋ α t u.
then v is named the right weak fractional derivative denoted by tḊ
with the norm
and the product 
In the following, we all set α ∈ (/, ). 
It is easy to see that I λ (u) is C  and
It is obvious that I λ is not bounded below on E α,  , but it is bounded below on an appropriate subset of E α,  , and a minimizer on this set (if it exists) may give rise to solutions of the corresponding differential equation. A good candidate for the subset is the so-called Nehari manifold
It is clear that all critical points of I λ must lie on N λ . On the other hand, if u ∈ N λ , we have
Define the fibering map ϕ u (s) = I λ (su) by
After a simple calculation, we have 
Lemma . I λ (u) is coercive and bounded from below on N λ .
Proof Let u ∈ N λ , then we have
From Lemma ., we obtain
where c h = max{|h(t)||t ∈ [, T]} and c p is the Sobolev embedding constant.
Since  < p < , q > , it is easy to see that the functional I λ (u) is coercive and bounded from below on N λ . The proof is finished.
Before studying the behavior of a Nehari manifold by using a fibering map, we consider the function ψ u (s) :
It is obvious that ψ u () =  and 
Since u ∈ H  , there exists a unique s *  and ψ u (s *
Since  < p < , q > , from (.) and (.) we obtain
It is easy to verify that, if λ ∈ (, λ  ), (.) and (.) are contradictory. The proof is finished.
By Lemmas . and ., for any λ ∈ (, λ  ), we know that N λ = N 
from the argument in Case , there exists a unique point s *  such that s *
from the argument in Case , we get that
Since λ ∈ (, λ  ), from (.), we can deduce that there also exists a point, still represented by s *  , such that s *
we obtain
Consequently,
Thus we have inf u∈N + λ I λ (u) < . Since I λ (u) is coercive and bounded from below on N + λ , there exist a minimizing sequence
It follows from (.) and (.) that
Letting k → ∞, we get 
